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INDUCED AUTOMORPHISMS ON O’GRADY’S SIXFOLDS
ANNALISA GROSSI
Abstract. The present paper deals with the notion of induced automor-
phisms for a specific deformation type of six dimensional hyperka¨hler man-
ifolds, the O’Grady’s sixfolds. The paper is divided in two parts. In the first
part we introduce the notion of induced automorphisms and we exhibit a cri-
terion to determine whether a given automorphism on a manifold of O’Grady
six type is, in fact, induced by an automorphism of an abelian surface A. We
find also a criterion to determine if the manifold of O’Grady six type is the res-
olution of singularities of a moduli space of stable objects on A. In the second
part we consider the birational model for an O’Grady’s sixfold given as the
quotient of a K3[3] type manifold for a birational symplectic involution and we
introduce the notion of automorphism induced at the quotient, to determine
whether an automorphism of the O’Grady’s sixfold lifts to an automorphism
of the K3[3] type manifold.
1. Introduction
This paper deals with induced automorphisms on a specific deformation class of
irreducible holomorphic symplectic manifolds (IHS) in dimension six, the O’Grady’s
sixfolds. In literature there exist two model for OG6 type manifolds and for this rea-
son we distinguish between induced automorphisms, and automorphisms induced
at the quotient. If we want to make an example of an IHS manifold which arises
from a symplectic surface, we immediately refer to the Hilbert scheme of n points
on a K3 surface, constructed by Beauville in [5]. Using this construction it is easy
to produce examples of automorphisms on irreducible symplectic manifolds, simply
by taking a K3 surface with a non-trivial automorphism acting on it, and consid-
ering the induced action on the Hilbert scheme. These automorphisms are known
in literature as natural automorphisms, and were studied and classified by many
authors, two of whom are Beauville [3] and Boissie`re [6]. We know that many IHS
manifolds are built starting from moduli spaces of sheaves on K3 and abelian sur-
faces, and for this reason the notion of natural automorphisms has been re-adapt
also in this case. It was done for the first time in [28], a work inspired by the model
in [27, Section 5]. Moreover, this kind of notion was generalized in [21], where the
authors extend drastically the ideas using recent developments in stability condition
theory, due to Bridgeland [8], to Bayer-Macr`ı [1] [2] and to Yoshioka [36]. More-
over, in [21], the authors conjecture the possibility to extend the notion of induced
automorphisms also in the case of O’Grady’s manifolds. Inspired by these recent
works we re-adapt this notion for OG6 type manifolds. First of all, in reference
with the O’Grady’s construction, we have the following proposition, in which we
find a lattice-theoretic criterion to know when a manifold of OG6 type is birational
to the symplectic resolution of the Albanese fiber of a moduli space of sheaves on
an abelian surface.
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Proposition 1.1. Let X be a manifold of OG6 type which is a numerical moduli
space. Then there exists an abelian surface A s.t. X is birational to the desingu-
larized Albanese fiber of a moduli space of stable objects of Db(A) for some stability
condition θ ∈ Stab(A).
More precisely X is birational to K˜u(A, θ), where K˜u(A, θ) −→ Ku(A, θ) is the
symplectic resolution and Ku(A, θ) := alb
−1((0, 0)) where the Albanese map is
alb :Mu(A, θ) −→ A×A
∨
F 7→ (Alb(c2(F )), det(F )⊗ det(F0)
−1),
where F0 ∈Mv(A, θ) and Alb : CH0 → A is the Albanese homomorphism.
See Proposition 3.4 for the proof and more other comments.
Then we introduce the notion of induced automorphism in order to state a cri-
terion to determine whether a given automorphism on a manifold of OG6 type is,
in fact, induced by an automorphism of the Abelian surface that we use to define
the moduli space. In particular, we prove the following theorem.
Theorem 1.2. Let X be a manifold of OG6 type, and let G ⊂ Aut(X) be a
numerically induced group of automorphisms. Then there exists a projective abelian
surface A, with G ⊂ Aut(A), a G-invariant non-primitive Mukai vector u = 2w,
and a u-generic stability condition θ such that X is birational to K˜u(A, θ) and G
is induced.
See Theorem 3.9 for the proof and more details.
In [20] the authors find a birational model for OG6 type manifolds in order to
compute the Hodge diamond. The birational model consists of a quotient of a K3[3]
type manifold by a birational symplectic involution. The following result allows us
to know when an OG6 type manifold admits such a model.
Theorem 1.3. Let X be an OG6 type manifold. If there exists E ∈ NS(X) such
that E2 = −2 and div(E) = 2, then there exists a K3 surface S, such that X is
birational to Y . Here Y is the resolution of singularities of S[3]/i i.e. the blow
up of the singular locus of S[3]/i, where i : S[3] 99K S[3] is a birational symplectic
involution and S[3] is the Hilbert scheme of 3 points on S.
A natural request is to understand when an automorphism of an OG6 manifold
comes from an automorphism of the K3[3] type manifold that is involved in the
birational model. We call such an automorphism induced at the quotient and we
prove the following theorem.
Theorem 1.4. Let X be an OG6 type manifold and let Y be the 2:1 cover of X
described above. Let ϕ ∈ Aut(X) an automorphism of prime order p, p 6= 2, such
that Sing(Y ) ⊂ Fix(ϕ) and suppose there exists a class E ∈ NS(X) ∩ Tϕ(X) with
E2 = −2 and div(E) = 2. In these hypotheses ϕ is induced at the quotient.
For the proof we refer to Theorem 4.15 and to some other related Lemma.
The structure of the paper is the following: In Section 2, we recall the construc-
tion of the O’Grady’s sixfolds. We know that there exist two way to obtain OG6
type manifolds. The first construction that we recall is the one due to O’Grady
and it is obtained as a symplectic resolution of the Albanese fiber of a moduli space
of sheaves on an abelian surface. The second construction is obtained in [20] by
considering a moduli space on a K3 surface, obtained starting from a principally
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polarized abelian surface A and considering its Kummer K3 surface S. The authors
construct a non regular involution, whose quotient is birational to a manifold of
OG6 type. These two models are in fact useful in the analysis of the two different
kinds of induced automorphisms. Moreover we gather all tools we need throughout
the paper, concerning moduli spaces of irreducible holomorphic symplectic mani-
folds, and stability conditions. We recall only some basic definitions and results
of lattice theory. In Section 3 we introduce the notion of induced automorphisms
and we state a numerical criterion to determine when an automorphism of OG6 is
induced. In Section 4 we recall the birational model of OG6, made as the quotient
of a K3[3] type manifold by a birational symplectic involution and we determine
a sufficient condition for an OG6 type manifold to admit this birational model.
Moreover we find a criterion to say when an automorphism of the OG6 lifts to an
automorphism of the K3[3] type manifold.
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2. Preliminaries
2.1. Lattice theory for IHS manifolds. Let L be an even lattice and consider
the associated group
AL := L
∨/L.
It is called discriminant group and the quadratic form on L induces a form qAL with
values in Q/2Z. If X is of OG6 type, then AX = (Z/2Z)⊕2. If the discriminant
group is trivial, the lattice is called unimodular. The length of AL is denoted by
l(AL). An overlattice of L is a lattice N , such that L ⊂ N and N/L is a torsion
group. An embedding L →֒ N is called primitive if the cokernel has no torsion.
The divisibility of v ∈ L, denoted by div(L), is the positive integer n such that
(v, L) = nZ. If X is an IHS manifold, it holds the following theorem.
Theorem 2.1. Let X be an IHS manifold of dimension 2n. Then it is well defined
a pairing (, )X on H
2(X,C), the Beauville-Bogomolov pairing, and a constant cX ,
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the Fujiki constant, such that the following equality holds:
qX(α)
n = (α, α)nX = cX
∫
X
α2n.
Moreover, cX and (, )X are deformation invariants.
This pairing on the second complex cohomology induces a pairing on the second
integral cohomology, consequently if X is an IHS manifold, (H2(X,Z), qX) is a
lattice with respect to the Beauville-Bogomolov pairing. If X is of OG6 type,
from [32] we know that:
(H2(X,Z), qX) ∼= U
⊕3 ⊕ 〈−2〉⊕2,
a lattice of rank 8 and signature (3, 5).
If X is an IHS manifold, the discriminant group of the second integral lattice is
denoted by AX . From the definition of IHS manifold, we have that H
0(X,Ω⊕2X )
∼=
H2,0(X) ∼= CωX where ωX is the global holomorphic symplectic non-degenerate
two-form. Fix an OG6 type manifold and let G be a finite group of automor-
phisms. Every element of G induces an action on the H2(X,C) preserving the
Hodge decomposition. We can say that G acts on the holomorphic two-form of X
by homotheties. An automorphism is called symplectic if it preserves the symplectic
form and it is called non-symplectic otherwise. We denote by TG(X) := H
2(X,Z)G
the invariant lattice and by SG(X) := TG(X)
⊥ the co-invariant lattice, where the
orthogonal is with respect to the Beauville-Bogomolov form. In the following we
will denote by NS(X) := H1,1(X) ∩ H2(X,Z), the Ne´ron–Severi lattice and by
T(X) := NS(X)⊥ the transcendental lattice, which is the smallest integral lattice
which contains H2,0(X) ⊕ H0,2(X). In the following, U is the hyperbolic lattice,
i.e. the unique lattice of rank two, unimodular and of signature (1, 1).
Lemma 2.2. Let X be a manifold of OG6 type, let ϕ ∈ O(H2(X),Z) be an isometry
such that the induced action on AX is trivial. Then there exists an embedding
H2(X,Z) →֒ Λ = U⊕5
and an isometry ϕ ∈ O(Λ) such that ϕ|H2 = ϕ. This means that G extends to a
group of isometries of Λ and SG(X) = SG(Λ) i.e. the induced action on (H
2)⊥ ⊂ Λ
is trivial and the embedding is called ϕ-equivariant.
Proof. Let [v1/2] and [v2/2] be two generators of AX such that v
2
1 = −2 and v
2
2 =
−2. We then have ϕ([v1/2]) = [v1/2] and ϕ([v2/2]) = [v2/2] i.e. ϕ(v1) = v1 + 2w1
and ϕ(v2) = v2+2w2. Consider now a lattice of rank 2 generated by two orthogonal
elements x1 and x2 of square 2, its discriminant group is still Z/2Z × Z/2Z and
is generated by [x1/2] and [x2/2] with discriminant form given by q(x1/2) = 1/2,
q(x2/2) = 1/2 and (x1, x2) = 0. Notice that H
2 ⊕ Zx1 ⊕ Zx2 has an overlattice
isometric to Λ which is generated by H2, x1+v12 and
x2+v2
2 . We now extend ϕ on
H2⊕x1⊕x2 by imposing ϕ(x1) = x1, ϕ(x2) = x2 and we thus obtain an extension
ϕ of ϕ on Λ defined as follows:
• ϕ(e) = ϕ(e) ∀ e ∈ H2,
• ϕ(x1) = x1,
• ϕ(x2) = x2,
• ϕ(x1+v12 ) =
x1+ϕ(v1)
2 ,
• ϕ(x2+v22 ) =
x2+ϕ(v2)
2 .
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In this first section we gather the required background and we recall some fun-
damental results about O’Grady’s sixfolds.
2.2. O’Grady’s sixfolds. Let A be a projective abelian surface and let w be a
Mukai vector of square 2. The moduli space of Gieseker semistable sheaves with
Mukai vector 2w is a singular tenfold, whose Albanese fiber admits a crepant resolu-
tion, that is an IHS manifold in dimension six known as O’Grady’s six dimensional
manifold. This was proven by O’Grady [26] for a special Mukai vector. A few years
later M. Lehn and Sorger [34] showed that, under some technical assumptions on
w, the blow up of the Albanese fiber of the moduli space along its singular locus
always gives a crepant resolution and Perego and Rapagnetta proved [29] that these
crepant resolutions are deformation equivalent to the original O’Grady’s manifold.
We call manifolds of O’Grady six type all irreducible holomorphic symplectic man-
ifolds deformations of the O’Grady’s sixfold and we denote them by OG6.
Now we refer to this construction considering the paper of Perego and Rapag-
netta about deformations of the O’Grady’s moduli spaces [29]. Let A be an abelian
surface, an element v ∈ H˜(A,Z) := H2∗(A,Z) will be written as v = (v0, v1, v2),
where v0 ∈ H0(A,Z) ∼= Z, v2 ∈ H4(A,Z) ∼= Z, and v1 ∈ H2(A,Z). If v0 ≥ 0
and v1 ∈ NS(A), then v is called in literature Mukai vector. Recall that H˜(A,C)
has a pure weight-two Hodge structure such that the (2, 0) and the (0, 2) parts of
H˜(A,C) are H2,0(A) and H0,2(A) respectively and the (1, 1) part is made by the
following contributes:
H˜1,1(A) := H0(A,C)⊕H1,1(A)⊕H4(A,C).
The modulo over Z, H˜(A,Z), has a lattice structure with respect to the Mukai
pairing (., .), which is defined in this way:
(r1, l1, s1)(r2, l2, s2) := l1l2 − r1s2 − r2s1.
In literature, H˜(A,Z) is called Mukai lattice and it is isomorphic to Λ8 = U⊕4.
In the following, for every Mukai vector v, we let v2 := (v, v) and it is well defined
the sublattice
v⊥ := {α ∈ H˜(A,Z)|(α, v) = 0} ⊆ H˜(A,Z),
which inherits a pure weight-two Hodge structure from the pure weight-two Hodge
structure defined on H˜(A,Z). If F is a coherent sheaf on A, its Mukai vector is
defined as follows:
v(F ) := ch(F )
√
td(A) = (rk(F ), c1(F ), ch2(F )).
Let θ be an ample line bundle on A, i.e θ ∈ Amp(A), where Amp(A) ⊆ NS(A) is the
ample cone of A. In the following we denote by Pθ(F ) the Hilbert polynomial of
F , and by pθ(F ), the reduced Hilbert polynomial, which is the Hilbert polynomial
divided by the coefficient of the term of highest degree in Pθ(F ).
We need to recall the definition of v-genericity of a polarization, [29, Definition
2.1], where v = (v0, v1, v2) is a Mukai vector on the abelian surface A.
Definition 2.3. Let θ be a polarization. It is v-generic if for every polystable sheaf
E of Mukai vector v and every direct summand F of E , we have v(F ) ∈ Q· v.
In [29, Lemma 2.3] we can find a characterization of v-genericity. For a definition
of Wv(θ) see [29, Definition 2.2].
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Remark 2.4. O’Grady [26, Introduction] formulates a technical assumption which
implies v-genericity in the case v = (2, 0,−2) and it consists in
(1) There is no divisor D on A such that C1(D).θ = 0 and D.D = (−2).
In the following the O’Grady’s definition will be useful to check v-genericity of an
ample class θ in the case of OG6 type manifolds.
Related to the notion of Wv(θ), we know that when we fix a Mukai vector v,
we can define the notion of v-walls and v-chambers. We can distinguish some sets
of divisors D ∈ NS(A), we call them WD, and by Theorem 4.C.3 of [15], we have
Wv(θ) ⊆Wv for every θ ∈ Amp(A). A connected component of
Amp(A) \
⋃
D∈Wv
WD
is called a v-chamber [29, Definition 2.13].
If θ is a v-generic polarization, then it is not necessarily contained in some v-
chamber, in fact in general the moduli space Mv(A, θ) depends on the choice of
θ. We know from [29, Proposition 2.8] that Mv(A, θ) does not change when θ is
v-generic polarization moving in the closure of a v-chamber.
In the following we collect some results about stability conditions, where A is
always a projective abelian surface and θ an ample divisor on A. In literature a
torsion-free sheaf F on A is called θ-semistable if it is Gieseker semistable with
respect to θ, i.e. we require that, for all proper subsheaf E ⊂ F , the following
holds:
(2) rk(F )χ(E (nθ)) ≤ rk(E )χ(F (nθ)), for al n≫ 0.
If there exists E ⊂ F such that the inequality is an equality then F is called
strictly semistable, otherwise it is stable. There is also the notion of slope-(semi)
stability: if for all E ⊂ F with 0 < rkE < rkF , it holds
µ(E ) :=
1
rkE
c1(E ) · θ
k−1 ≤
1
rkF
c1(F ) · θ
k−1 := µ(F ), k = dimA,
then we say that F is θ-slope semistable. It is θ-slope stable if the inequality is
strict for every choice of E . Writing down explicitly the polynomials appearing in
2, one shows that θ-semistability implies θ-slope semistability, and θ-slope stability
implies θ-stability.
Let θ be a v-generic polarization and v a Mukai vector on A. We write Mv(A, θ)
(respectivelyM sv (A, θ)) for the moduli space of θ-semistable (resp θ-stable) sheaves
on the abelian surface A, with Mukai vector v. In this setting we refer to the
choice of Mukai vector due to O’Grady, v = 2w where w2 = 2, w = (1, 0,−1) is a
primitive Mukai vector on A. It is well known that, if M sv 6= ∅, then M
s
v is smooth
of dimension v2+2 and carries a symplectic form (see Mukai [23] for more details).
Since we are taking into consideration a moduli space on an abelian surface, a
further construction is necessary: choose F0 ∈ Mv(A, θ), and define the following
map [35]:
av :Mv(A, θ) −→ A×A
∨
av(F ) := (det(pA∨!((F −F0)⊗ (P − OA×A∨)), det(F ) ⊗ det(F0)
−1),
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where pA∨ : A × A∨ −→ A∨ is the projection and P is the Poincare´ bundle on
A×A∨.
In literature the fiber is defined as follows: Kv(A, θ) := a
−1
v (0A,OA), where 0A
is the zero of A.
We recall the following crucial result in the case v is a primitive Mukai vector:
Theorem 2.5 (Mukai, Yoshioka). Let A be an abelian surface and let v be a prim-
itive Mukai vector, let θ be a v-generic polarization. Then Mv(A, θ) = M
s
v (A, θ).
If v2 ≥ 6 then Kv(A, θ) is an IHS manifold of dimension 2n = v2 − 2, which is
deformation equivalent to Kn(A), the generalized Kummer variety of A, and there
is a Hodge isometry between v⊥ and H2(Kv,Z).
If v is not primitive, which is the case we are interested in, then Mv can be
singular. Taking into consideration this remark, O’Grady considers a moduli space
containing points parametrizing strictly semistable sheaves, and singular at these
points, but admitting a symplectic desingularization. O’Grady, in the hope that
such desingularization is a new irreducible symplectic variety, find a 10-dimensional
manifold with second Betty number equal to 24. The O’Grady’s idea produces a
new 10-dimensional IHS manifold [25], starting from a moduli space of certain
sheaves on a K3 surface. For the six-dimensional case, O’Grady uses the moduli
space of sheaves on an abelian surface. We briefly recall the construction in the
following, see [26] for all the details. The author considers C, a smooth irreducible
projective curve of genus two, and J := Pic0(C). Ho sets v := 2 − 2ηJ , where
ηJ ∈ H4(J ;Z) is the orientation class of J . He uses Mv to indicate the moduli
spaceMv(J ,Θ), where Θ is the Theta divisor related to J . O’Grady exploits, also
in this six dimensional case, many of the results in [25] for the moduli space Mv of
torsion-free semistable rank-two sheaves on a K3 with c1 = 0, c2 = 4, since they
remain valid also for the moduli space on the abelian surface.
Moreover, he needs the following technical assumption, which is a particular case
of the one that we have recalled before in equation 1:
there is no divisor D on J such that D ·Θ = 0 and D ·D = (−2).
The previous request implies that the singular locus of Mv coincides with the set
of S-equivalence classes of strictly semistable sheaves, i.e. equivalent to Ip1 ⊗ ξ1 ⊕
Ip2 ⊗ ξ2, where pi ∈ J and ξi ∈ Ĵ (Ĵ := Pic(J )). It turns out that the procedure
of [25] carries over to give a symplectic desingularization π˜v : M˜v →Mv; we call ω˜v
the symplectic form on Mv. The variety Mv is of dimension 10 (see [26, Theorem
2.1.4]), but it is not symplectically irreducible. Consider the following map:
av :Mv → J × Ĵ
[F ] 7→ (
∑
c2(F ), [detF ]).
where
∑
c2(F ) (the Albanese map) is the sum of the points (with multiplicities)
of any representative of c2(F ) ∈ CH0(J ). Set a˜v := av ◦ π˜v. It is not hard to check
that a˜v is surjective, henceMv is not symplectically irreducible. O’Grady considers
the fiber
K˜v := a˜v
−1
(0, 0̂), ω˜ := ω˜v|K˜v ,
and writes down the following theorem:
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Theorem 2.6. [26, Theorem 1.4] Keep assumptions as above, K˜v is an IHS
manifold of dimension six where H2,0(K˜v) is spanned by the symplectic form ω˜.
Furthermore b2(K˜v) = 8. The deformation type of these manifolds is called OG6.
2.3. Moduli space of stable objects. In this section we recall basic facts about
moduli spaces of sheaves and Bridgeland stable objects on K3 and abelian surfaces.
These results will be useful in Section 3. For more details we refer to the work of
Bridgeland [8].
Let A be an abelian surface, we have already defined in Section 2.2 what is
the Mukai Lattice for an abelian surface. In the following we denote by Db(A)
the bounded derived category of coherent sheaves, and by Stab(A) the space of
Bridgeland stability conditions on Db(A).
For an object F ∈ Db(A), we can associate the Mukai vector v(F ) = (r, l, s). It
is of (1, 1)-type by construction, and it satisfies one of the following relations:
• r > 0;
• r = 0 and l 6= 0, with l effective,
• r = l = 0 and s > 0.
Taking into consideration the [21, Definition 2.7], we can define a positive Mukai
vector also in the case of sheaves on abelian surfaces.
Definition 2.7. A vector v ∈ H˜(A,Z), v 6= 0, satisfying v2 ≥ 2 and the conditions
above is called a positive Mukai vector.
With this definition we can formulate a similar version of [21, Lemma 2.28] for
the case of abelian surfaces.
Lemma 2.8. Let v ∈ H˜(A,Z) be of (1, 1)-type, v 6= 0, satisfying v2 ≥ 2. Then
either v or its negative is a positive Mukai vector.
We recall some results on the birational geometry of moduli spaces of Bridgeland
stable objects. If we have an abelian surface A we can fix two classes β, ω ∈ NS(A)R,
with ω ∈ Amp(A). Bridgeland associates to these data a stability condition τ :=
τβ,ω on the derived category D
b(A). In this setting Stab(A) denoted the set of
stability conditions τβ,ω. The next step is to fix a positive Mukai vector v ∈ H˜(A,Z)
and to assume that τ is v-generic, with respect to the definition recalled in Section
2.2. The coarse moduli space Mv(A, τ) is a projective manifold, and the fiber
Kv(A, τ) of the Albanese map Mv(A, τ) → A × A∨ is of Kummer n type [36,
Theorem 1.9]. Moreover we have the following isometries of Hodge structures
H2(Kv(A, τ),Z)→ v
⊥ ⊂ Λ8.
Finally we remark that a result which is similar to [21, Theorem 2.29] holds also
for abelian surfaces. Theorem 2.29 in [21] is a rewritten, in a more reader-friendly
way, of the results [1, Theorem 1.1(a), Theorem 1.2].
2.4. Moduli spaces of IHS manifolds, Torelli problem and monodromy.
Let X be an IHS manifold whose second cohomology lattice H2(X,Z) is isometric
to a lattice L. For example, if X is of OG6 type, we know that H
2(X,Z) ∼=
U⊕3 ⊕ 〈−2〉⊕2.
Definition 2.9. A marking of X is a choice of an isometry η : H2(X,Z)→ L. The
pair (X, η) is called a marked irreducible holomorphic symplectic manifold. Two
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marked IHS manifolds (X, η), (X ′, η′) are isomorphic if there exists an isomorphism
f : X → X ′ such that f∗ = η−1 ◦ η′.
We can quotient the set of marked IHS pairs (X, η) by the isomorphism relation
and we obtain:
ML := {(X, η)}/ ∼= .
The set ML can be endowed with a structure of compact complex space.
Definition 2.10. Let X be an irreducible holomorphic symplectic manifold and
η : H2(X,Z)→ L be a marking. The period domain ΩL is a complex space:
ΩL := {k ∈ P(L⊗ C)|(k, k)L = 0, (k + k, k + k)L > 0}.
We know that ω satisfies, by definition of the Beauville-Bogomolov quadratic
form, the two properties (ω, ω) = 0 and (ω + ω, ω + ω) > 0. We need to recall the
definition of the period map.
Definition 2.11. Let X → T be a flat family of deformation of X and let η ne a
marking of X into a lattice L. Let Γ be a marking of X compatible with η. Then
the period map P → ΩL is defined as follows:
P(t) := Γt(H
2,0(Xt)).
The period map P of the family (which is flat) X → Def(X) of deformations of X
is known in literature as the local period map.
We can now enunciate the following theorem:
Theorem 2.12. [5, Local Torelli Theorem] Let (X, η) be a marked irreducible
holomorphic symplectic manifold. The period map
P : Def(X)→ ΩL
is a local isomorphism.
Another crucial fact about the period map is the following theorem.
Theorem 2.13. [13] Let M0L be a connected component of the moduli space ML.
Then the period map P0 :M0L → ΩL, restricted to M
0
L is surjective.
In the case of K3 surfaces we know that it holds the very well known Global
Torelli Theorem, so it is natural to ask if such a theorem holds for IHS manifolds.
The counterexample of Debarre [10] shows that this theorem does not hold in gen-
eral. However a weaker version of the global Torelli has been proved by Huybrechts,
Markman and Verbitsky.
Theorem 2.14. (Global Torelli Theorem) Let M0L be a connected component of
the moduli space ML. If ω ∈ ΩL, the fiber P
−1
0 (ω) consists of pairwise inseparable
points. If (X, η) and (X ′, η′) are inseparable points of M0L then X is isomorphic
to X ′.
Proof. See [16, Theorem 2.2]. 
Global Torelli Theorem can be reformulated also from a lattice-theoretic point
of view. We will use principally this formulation in the following sections. In order
to give this formulation we need to introduce the notion of monodromy operator.
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Definition 2.15. Let X , Y be holomorphic symplectic manifolds. A lattice isome-
try f : H2(X,Z)→ H2(Y,Z) is a parallel transport operator if there exists a proper
and smooth family π : X → B and a continuous path γ : [0, 1] → B, such that
X ∼= Xγ(0) and Y ∼= Xγ(1). Moreover we require that f is induced by parallel
transport in the local system R2π∗Z along γ.
A parallel transport operator f : H2(X,Z) → H2(Y,Z) is called a monodromy
operator of X .
We recall a necessary condition for an isometry g : H2(X,Z) → H2(Y,Z) to
be a parallel transport operator. The cone {α ∈ H1,1(X,R) : (α, α) > 0} has
two connected components and the positive cone, CX , is the connected component
containing the Ka¨hler cone KX . The second cohomology, H
2(CX ,Z) is isomorphic
to Z, and it comes with a canonical generator, which we call the orientation class on
CX . An isometry g : H2(X,Z) → H2(Y,Z) induces an isomorphism g : CX → CY .
The isometry g is said to be orientation preserving if this is true for g. A parallel
transport operator g : H2(X,Z) → H2(Y,Z) has to be orientation preserving [16,
Section 4].
We denote by Mon2(X) ⊂ O(H2(X,Z) the subgroup of monodromy operators,
which is a subgroup of finite index [16, Lemma 7.5]. In particular, two marked
pairs (X, η), (X ′, η′) belong to the same connected component ofML if and only if
η′◦η−1 is a parallel transport operator. As a consequence, the number of connected
components of ML is equal to π0(ML) = [O(H2(X,Z)) : Mon2(X)].
If X is an IHS manifold and η : H2(X,Z)→ L is a marking, we can define:
Mon2(L) := {η ◦ ψ ◦ η−1|ψ ∈Mon2(X)} ⊂ O(L).
The group Mon2(L) ⊂ O(L), whose elements are still called monodromy opera-
tors, is the same for any choice of a marked pair (X, η) in a connected component
M0L ⊂ML, and it is independent on the choice of the connected component [16, Re-
mark 7.2]. We know almost completely who are the monodromy groups for differ-
ent deformation types of IHS manifolds. If S is a K3 surface, Borcea in [7] finds
that Mon2(S) = O+(H2(S,Z)) where O+(H2(S,Z) are the orientation preserv-
ing isometries. If X is of K3[n] type, Markmann computes the monodromy of
X [16]. For Kn(A) type manifolds, Markman at first and then Mongardi compute
the monodromy group. For O’Grady’s sixfolds Mongardi and Rapagnetta recently
computed the group [19]. For O’Grady’s tenfolds the situation looks more difficult
by the lack of examples of monodromy operators.
Example 2.16. LetX be a manifold of OG6 type. We know from [19, Theorem 5.4]
that the Monodromy group for such a manifold is made by orientation preserving
isometries, i.e. Mon2(X) = O+(H2(X,Z)) , which means that
[O(H2(X,Z)) :Mon2(X)] = 2.
We can now state the Hodge-theoretic form of the global Torelli theorem.
Theorem 2.17. Let X, Y be irreducible holomorphic symplectic manifolds. If
there exists a parallel transport operator ψ : H2(X,Z)→ H2(Y,Z) which is also an
Hodge isometry, then X and Y are bimeromorphic. If, moreover, ψ maps a Ka¨hler
class to a Ka¨hler class, then there exists a biregular isomorphism f : Y → X such
that f∗ = ψ.
Proof. See [16, Theorem 1.3].
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
Since we know the Monodromy for OG6 type manifolds, we can apply the previ-
ous theorem and state the following result, which is a bimeromorphic global Torelli
Theorem for OG6 type manifolds.
Theorem 2.18. Let X and X ′ be two IHS manifolds of OG6 type. They are
bimeromorphic if and only if there exists a Hodge isometry between H2(X,Z) and
H2(X ′,Z).
Proof. See [19, Theorem 5.4 (2)]. 
2.5. Automorphisms. LetX be an IHS manifold, we denote by Aut(X) the group
of automorphisms ofX (biholomorphic maps fromX toX) and by Bir(X) the group
of birational automorphisms. Clearly it holds that Aut(X) ⊂ Bir(X).
Theorem 2.19. Let X be an IHS manifold together with a marking η : H2(X,Z)→
L defines a general point in a connected component of ML. Then, Aut(X) =
Bir(X).
Proof. See [12, Proposition 9.2]. 
For all compact complex manifolds we have
dim(Aut(X)) = h0(TX).
If X is an IHS manifold, from the isomorphism between tangent and cotangent
bundle, we have dim(Aut(X)) = h0(TX) = h0(ΩX) = h
1,0(X) = 0, meaning that
Aut(X) is a discrete group. In our work, we will need the following definition.
Definition 2.20. Let ν be the homomorphism of groups:
ν : Aut(X) −→ O(H2(X,Z))
f 7−→ ν(f) := f∗
ϕ ∈ O(H2(X,Z)) is effective⇐⇒ ϕ ∈ Im(ν).
Taking into consideration this definition, we can reformulate Theorem 2.17.
Theorem 2.21. Let X be an IHS manifold and let ϕ ∈ O(H2(X,Z)) be a mon-
odromy operator which is an isometry of Hodge structures, then ϕ is effective, i.e.
there exists an automorphism ϕ ∈ Aut(X) such that ϕ˜∗ = ϕ, if and only if a Ka¨hler
class is preserved by ϕ.
Proof. See [16, Theorem 1.3]. 
Remark 2.22. There is an analogous version of the previous theorem for abelian
surfaces.
Remark 2.23. Let X be an IHS manifold, if ϕ ∈ Aut(X) then ϕ∗ ∈ O(H2(X,Z))
is an isometry of Hodge structures of X .
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3. Induced automorphisms groups
O’Grady introduces OG6 type manifolds taking an abelian surface and consid-
ering a moduli space of sheaves on it with respect to a non-primitive Mukai vector.
The resolution of the fiber of a the map that we have defined above, in Section
2.2, is a six-dimensional IHS manifold with second Betti number equal to eight. A
natural question is to ask when an automorphism of the OG6 type manifold comes
from an automorphism of the abelian surface that we consider to define the moduli
space. In this section we introduce the concept of induced automorphism for OG6
type manifolds and we give a criterion in order to answer to the question above.
3.1. A criterion for being a moduli space. This section is devoted to answering
the following question: How can we determine if a given manifold of OG6 type is the
symplectic resolution of the Albanese fiber of a moduli space of stable objects on
an abelian surface? We state a necessary and sufficient criterion entirely in terms
of lattice theory. In the following Λ8 := U
⊕4 and Λ10 := U
⊕5.
Definition 3.1. Let X be a projective manifold of OG6 type. We call X a numer-
ical moduli space (n.m.s.) if ∃ σ ∈ NS(X) s.t. σ2 = −2 and div(σ) = 2 and ∃ an
Hodge embedding σ⊥H2(X,Z) ∼= U⊕3 ⊕ 〈−2〉 →֒ Λ8 such that Λ
1,1
8 contains a copy of
the hyperbolic lattice U .
Lemma 3.2. Consider the embedding i : H2(X,Z) →֒ Λ10 such that the comple-
ment of the image of i is of (1, 1)-type.
X is a numerical moduli space ⇐⇒ ∃ σ ∈ NS(X) : σ2 = −2 and div(σ) = 2 and
U⊕2 ⊂ Λ1,110 .
Proof. For the ’only if’-part we can consider those embeddings of Hodge structures
σ⊥ ∼= U⊕3 ⊕ 〈−2〉 →֒ Λ8 →֒ Λ10 such that the complement of the images of these
embeddings are of (1, 1)-type. Since U ∼= (Λ8)⊥ ⊂ Λ10, and since X is a numerical
moduli space, we know that U ⊂ Λ1,18 and consequently U
⊕2 ⊂ Λ1,110 .
For the other direction we can consider σ⊥ ∼= U⊕3 ⊕ 〈−2〉 →֒ Λ8 →֒ Λ10. Since
Λ8 →֒ Λ10, we thus obtain Λ
1,1
10
∼= Λ
1,1
8 ⊕ U . By our hypotheses we know that
U⊕2 ⊂ Λ1,110 , therefore U ⊂ Λ
1,1
8 and we are done.

Remark 3.3. In [21, Remark 5.6.], the conjectured condition on X to say that it
is the desingularization of the Albanese fiber of a moduli space of stable objects on
an abelian surface, is different from what we state here, since the authors of [21] ask
only two copies of U in Λ1,110 as direct summand. In that case, since they start from
X deformation equivalent to OG6, which is already the desingularized Albanese
fiber of a moduli space of stable objects on an abelian surface, then there exists a
class σ ∈ NS(X) s.t. σ2 = −2 and div(σ) = 2. Actually this class is the exceptional
divisor of the blow up of the fiber of the Albanese map.
In the following proposition we consider moduli spaces of stable sheaves in the
derived category Db(A) where A is an abelian surface.
Proposition 3.4. Let X be a manifold of OG6 type which is a numerical moduli
space. Then there exists an abelian surface A s.t. X is birational to the desingu-
larized Albanese fiber of a moduli space of stable objects of Db(A) for some stability
condition θ ∈ Stab(A).
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More precisely X is birational to K˜u(A, θ), where K˜u(A, θ) −→ Ku(A, θ) is the
symplectic resolution and Ku(A, θ) := alb
−1((0, 0)) where the Albanese map is
alb :Mu(A, θ) −→ A×A
∨
F 7→ (Alb(c2(F )), det(F )⊗ det(F0)
−1),
where F0 ∈Mv(A, θ) and Alb : CH0 → A is the Albanese homomorphism.
Proof. Let σ ∈ NS(X) s.t. σ2 = −2. We have an Hodge embedding σ⊥H2(X,Z) ∼=
U⊕3⊕〈−2〉 →֒ Λ8 where the complement is of type (1, 1). Let w be the orthogonal
complement of σ⊥ in Λ8, w
2 = 2. Notice that sgn(σ⊥) = (3, 4) and, since X is
projective sgn(NS(X)) = (1, ∗). Since σ ∈ NS(X) has negative square, the positive
part of the signature of (U⊕3 ⊕ 〈−2〉)1,1 is the same of the positive part of the
signature of NS(X). Thus we get Λ1,18 = (U
⊕3⊕〈−2〉)1,1⊕〈w〉 ⇒ sgn(Λ1,18 ) = (2, 4).
By hypotheses we know thatX is a n.m.s, so U ⊂ Λ1,18 . By a result of Shioda, [33], ∃
an abelian surface A s.t. Λ1,18
∼= U⊕NS(A). Let θ be a w-generic stability condition,
u = 2w and alb : Mu(A, θ) −→ A × A∨, we define K := Ku(A, θ) = alb−1(0, 0).
Using [30, Theorem 1.23] there exists an Hodge isometry
(3) H2(Ku(A, θ),Z)
∼=
−→ w⊥ ⊂ Λ8.
Since there exists an isomorphisms of Hodge structures w⊥ ∼= U⊕3 ⊕ 〈−2〉, we
conclude that H2(Ku(A, θ),Z) ∼= U⊕3 ⊕ 〈−2〉. The fiber Ku(A, θ) admits a sym-
plectic resolution and K˜u(A, θ) −→ Ku(A, θ) is such that the exceptional divisor of
the blow up is E where E2 = −2 and E ∈ NS(K˜u(A, θ)) (see [31, Corollary 3.5.13]).
Furthermore K˜u(A, θ) is a manifold of OG6 type [30, Theorem 1.23], so we have
H2(K˜u(A, θ),Z) ∼= H2(Ku(A),Z) ⊕ Z ·E. Thus we get
ϕ : H2(K˜u(A, θ),Z) −→ U
⊕3 ⊕ 〈−2〉 ⊕ E ∼= H2(X,Z).
The monodromy group for an OG6 type manifold is maximal, as we have seen in
Example 2.16, which means that Mon2(OG6) ∼= O+(H2(X,Z)) ⊂ O(H2(X,Z)),
where O+(H2(X,Z)) is the subgroup of orientation preserving isometries. Since we
have an Hodge isometry ϕ, we can say that ±ϕ is an orientation preserving Hodge
isometry. For this reason we can conclude, using Theorem 2.17, that X is birational
to K˜u(A, θ). 
3.2. Automorphisms induced from an abelian surface. In this section we
would like to know when an automorphism of a OG6 type manifold comes from an
automorphism of the abelian surface. We need the following definition.
Definition 3.5. Let X be a manifold of OG6 type and let G ⊂ Aut(X). We
say that G is an induced group of automorphisms if there exists an abelian sur-
face A with G ⊂ Aut(A), a G-invariant non-primitive Mukai vector u = 2w,
u ∈ H∗(A,Z)G and a u-generic stability condition θ such that X is birational
to K˜u(A, θ), and the induced action on K˜u(A, θ) coincides with the given action of
G on X .
Definition 3.6. Let X be a manifold of OG6 type and let G ⊂ Aut(X). Let i be
a primitive embedding of H2(X,Z) in Λ10. Then the group G is called numerically
induced if the following hold:
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(1) The group G acts trivially on the discriminant group; the action can be
extended to the lattice Λ10 with SG(Λ10) ∼= SG(X).
(2) There exists σ ∈ NS(X) s.t. σ2 = −2 and div(σ) = 2 and H2(X,Z) →֒ Λ10
is a Hodge embedding s.t. the (1, 1)-part of the lattice TG(Λ10) contains
U⊕2 as a direct summand.
Moreover we ask that for all g ∈ G, det(g∗) = 1.
Remark 3.7. The second condition in Definition 3.6 is equivalent to require that
there exists σ ∈ NS(X) such that σ2 = −2 and div(σ) = 2. Moreover we ask that
σ⊥ →֒ Λ8 is an Hodge embedding such that the (1, 1)-part of the lattice TG(Λ8)
contains U as a direct summand.
Proposition 3.8. Let X be an OG6 type manifold. Let G ⊂ Aut(X). If G is an
induced group of automorphisms, then G is numerically induced.
Proof. If G ⊂ Aut(X) is induced, by definition, there exists an abelian surface A
such that X is the resolution of the Albanese fiber of the moduli spaces Mu(A, θ).
For this reason we conclude that there exists in the Ne`ron–Severi group of X the
class of the exceptional divisor, which corresponds to the resolution of the fiber,
i.e. there exists σ ∈ NS(X) s.t. σ2 = −2 and div(σ) = 2. Moreover it holds the
following primitive embedding
H2(A,Z) →֒ Λ10.
It is known that H2(A,Z) ∼= U⊕3 and this implies that the embedding is G-
equivariant, which means that the action on ASG(A) is trivial, and moreover that
SG(A) ∼= SG(Λ10) (Lemma 2.2). Therefore, SG(Λ10) ⊂ U⊕3 and this prove that
U⊕2 ⊂ TG(Λ10).
We need to show that the action on AX is trivial. To do this we recall the
embedding in equation 3:
H2(Ku(A, θ),Z)
∼=
−→ w⊥ ⊂ Λ8.
Since by hypothesis the Mukai vector u, where u = 2w, is preserved by G, the
action on Aw is trivial. Moreover the action on H
2∗(A,Z) is trivial since this is a
unimodular lattice, therefore the action on Aw⊥ is trivial. The exceptional divisor
is invariant under the action of G and as a consequence the action is invariant also
on the class of the discriminant group given by the exceptional divisor divided by
two and this conclude the proof. 
Theorem 3.9. Let X be a manifold of OG6 type, and let G ⊂ Aut(X) be a
numerically induced group of automorphisms. Then there exists a projective abelian
surface A, with G ⊂ Aut(A), a G-invariant non-primitive Mukai vector u = 2w,
and a u-generic stability condition θ such that X is birational to K˜u(A, θ) and G
is induced.
Proof. First of all let us consider the case G symplectic. Then we have SG(X) ⊆
NS(X). Since G is numerically induced, we can write TG(Λ10) = U
⊕2⊕T . We then
have that SG(X) embeds in the lattice of an abelian surface, and its orthogonal is T ,
where the action of G is trivial. We give to this lattice the Hodge structure induced
by Λ10, and we denote by A the corresponding abelian surface. By proposition 3.4,
X is the desingularized Albanese fiber of a moduli space of stable objects on A. We
have that G acts on the abelian lattice via Hodge isometries. We have that G is a
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group of orientation preserving Hodge isometries on A therefore G ⊂ Aut(A), and
the induced action on H2(X,Z) is the action we started with. The representation
map
ν : Aut(X) −→ O(H2(X,Z))
has a non-trivial kernel which is (Z/2Z)⊕8 (see [22, Theorem 4.2]), i.e. these man-
ifolds have non-trivial automorphisms acting trivially on the second cohomology.
However, these automorphisms deform smoothly on all manifolds of OG6 type.
Now let us suppose that G is a non-symplectic group. This implies TG(X) ⊂
NS(X). Without loss of generality, we can suppose TG(X) = NS(X). We have
TG(Λ8) = U ⊕T and let A be the abelian surface associated to the Hodge structure
on U⊥ inside Λ8. By proposition 3.4, X is birational to the desingularized Albanese
fiber of the moduli space Mu(A, θ), in the previous notation K˜u(A, θ), and G is a
group of Hodge isometries of A preserving T = NS(A). Therefore G ⊂ Aut(A) and
its action on X coincides with the induced one.

Corollary 3.10. If X ∼ OG6, G = 〈ϕ〉 ⊂ Aut(X) is an induced group of prime
order, automorphisms and |G| = 2, then rk(SG(X)) is even.
4. Automorphisms induced at the quotient
Another model for OG6 type manifolds is the one described in [20], where the
authors consider a principally polarized abelian surface A and its Kummer K3
surface S, given as the resolution of singularities of A/± 1. On the Hilbert scheme
of three points on S it is well defined a non-regular symplectic involution, whose
quotient is birational to a manifold of OG6 type. We introduce the notion of
automorphisms induced at the quotient, in order to find a criterion to establish
when an automorphism of the birational model of an OG6 manifold lifts to an
automorphism of the Hilbert scheme. Let MOG6 be the moduli space of OG6 type
manifolds. We know the Hodge diamond of such a manifold from [20]. In this case,
since h1,1(X) = 6, the moduli space of marked O’Grady’s six type manifolds, i.e.
MOG6 , has dimension 6. We know from [20] that there exists a sublocus of MOG6
which represents the OG6 type manifolds that admit a birational model made by
the quotient of an irreducible holomorphic symplectic manifold of K3[3] type by a
birational symplectic involution i : K3[3] 99K K3[3]. For details about this birational
model, to which we will refer throughout this section, the reader can consult [20].
Before starting we need to make the following remark about the invariant and the
co-invariant sublattices of H2(K3[3],Z) with respect to the symplectic birational
involution.
Remark 4.1. We know from [4] that, up to a 2 factor
H2(K˜3[3]/i,Z) ∼= H2(K3[3],Z)i ⊕ E,
where E is an exceptional divisor and K˜3[3]/i is the desingularization of the quo-
tient K3[3]/i. Since we know that H2(OG6,Z) ∼= U⊕3 ⊕ 〈−2〉⊕2 and E is the
exceptional divisor of square −2, then we can say that H2(K3[3],Z)i ∼= Ti(K3[3])
is a rank 7 lattice of signature (3, 4) which is isomorphic to U⊕3 ⊕ 〈−2〉.
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Remark 4.2. Since i is symplectic, the co-invariant sublattice is negative definite.
In this remark Λ is the Leech lattice, i.e. the only even unimodular negative definite
lattice with no elements of square -2. We know that rk(Λ) = 24 and for this reason
it is possible to find a i-equivariant primitive embedding
Si(K3
[3]) →֒ Λ,
and this implies that Si(K3
[3]) = Si(Λ). We can find in [18, Proposition A.13] a
classification of the co-invariant sublattices of Λ with respect to involutions. Since
we have a birational model of OG6 as a quotient of K3
[3] by the symplectic invo-
lution i, we know that the part of the cohomology that survives in the quotient is
the invariant part, Ti(K3
[3],Z), and this means that rk(Ti(K3[3])) = b2(OG6) = 7,
where OG6 is the O’Grady’s sixfold before the blow up of the singular locus (see
Remark 4.1). The second Betti number of a K3[3] type manifolds is 23 and hence
rk(Si(K3
[3])) = 23− 7 = 16.
Checking through the list of [18, Proposition A.13], there exists a unique co-
invariant lattice of rank 16, which is:
Si(K3
[3]) ∼= BW16(−1),
where BW16 is the Barnes-Wall lattice, and BW16(−1) means that the quadratic
form is of the opposite sign. The intersection matrix ofBW16 is showed in [9, Section
4.10]. It holds the following theorem.
Theorem 4.3. Let X be an OG6 type manifold. If there exists E ∈ NS(X) such
that E2 = −2 and div(E) = 2, then there exists a K3 surface S, such that X is
birational to Y . Here Y is the resolution of singularities of S[3]/i i.e. the blow
up of the singular locus of S[3]/i, where i : S[3] 99K S[3] is a birational symplectic
involution and S[3] is the Hilbert scheme of 3 points on S.
Proof. If X is of OG6 type, then H
2(X,Z) ∼= U⊕3 ⊕ 〈−2〉⊕2. By hypothesis we
know that there exists E ∈ NS(X) such that E2 = −2 and div(E) = 2. We can
consider H2(X,Z) ⊃ E⊥ =: L ∼= U⊕3 ⊕ 〈−2〉 with the induced weight two Hodge
structure. We know from Remark 4.2 that Si(S
[3]) and Ti(S
[3]) are isomorphic to
BW16(−1) and U(2)⊕3 ⊕ 〈−4〉 respectively. We consider 2L = U(2)⊕3 ⊕ 〈−4〉 and
we embed BW16(−1) in the second integral cohomology of a K3[3] type manifold,
as the (1, 1) part. Moreover, we embed 2L, with its weight two Hodge struc-
ture, in the orthogonal complement of BW16(−1) in H2(S[3],Z). Then we have
H2(S[3],Z) ∼= U(2)⊕3 ⊕ 〈−4〉 ⊕ BW16(−1). From a Torelli result for K3[3] type
manifolds (see the surjectivity of the period map in [14]) there exists a K3[3] type
manifold with this Hodge structure on the second integral cohomology. Since we
know that BW16(−1) ∼= Si(S[3]) and i is a birational symplectic involution, then
BW16(−1) does not contain prime exceptional divisors [17, Lemma 3.5]. In this
way the birational symplectic involution is well defined and we can consider the
quotient S[3]/i. The cohomolgy of the quotient is the invariant lattice with respect
to the action of the involution, i.e. Ti(S
[3]), which means that H2(S[3]/i,Z)(2) ∼=
Ti(S
[3]) ∼= U(2)⊕3 ⊕ 〈−4〉. The multiplication by a factor 2 depends on the fact
that the involution is a 2:1 map. There exists the desingularization the quotient
S[3]/i, i.e. there exists a map
Y −→ S[3]/i
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such that the class of the exceptional divisor is a -2 class. This means that
H2(Y,Z)(2) ∼= H2(S[3]/i,Z)⊕ 〈−2〉 ∼= U⊕3 ⊕ 〈−2〉⊕2 ∼= H2(X,Z).
The two varieties X and Y have the same Hodge structure, and since for OG6 type
manifolds Mon2(Y ) = O+(H2(Y,Z)), we can say that, if ϕ is an explicit isometry
between H2(X,Z) and H2(Y,Z), then ϕ or −ϕ is an Hodge parallel transport
operator, which implies that X and Y are birational, using Theorem 2.17. 
This section is devoted to investigate automorphisms of a manifold of OG6 type,
when it is birational to the quotient of a K3[3] type manifold. The main question
that we would like to answer is about the existence of a criterion to determine when
such an automorphism lifts to an automorphism of the K3[3] type manifold that is
involved in the birational model.
This definition will be useful in the following:
Definition 4.4. Let X be an OG6 type manifold and S a K3 surface such that
X 99K S[3]/i is a bimeromorphic map. Let ϕ ∈ Aut(X), ϕ is induced at the quotient
if ϕ can be lifted up to an automorphism ϕ˜ ∈ Aut(S[3]) such that the induced action
on the quotient coincides with ϕ.
For this part we refer to the construction made by Mongardi, Rapagnetta, Sacca`
in [20] and we will use the same notation.
The objects that we use in this section depend on a non-primitive Mukai vector
v. In the following we omit this dependence to avoid cumbersome notation. In
this setting Y is a manifold of K3[3] type which we can construct starting from a
principally polarized abelian surface A and taking as K3 surface S, the Kummer
surface of A. There are 512 birational symplectic involutions defined on Y ( [20]).
In Y there are 256 copies of P3 and every one of these involutions is not defined on
at least one of these 256 copies of P3 . The only involution which is not defined on
every one of the 256 copies of P3 is i, that is well defined on a contraction of Y .
The contraction is denoted by Y and it is such that the resolution of Y/i = K is a
manifold of OG6 type.
Recall thatMK3[3] is the marked moduli space ofK3
[3] type manifolds which has
dimension 21 = h1,1(K3[3]). The manifold Y is of K3[3] type and i is a birational
involution defined on it. This involution i is symplectic so i(ωY ) = ωY which means
that ωY ∈ Ti(Y ). This implies that Si(Y ) ⊆ NS(Y ).
Hence ωY ∈ P(Ti(K
[3]
3 )⊗C), which is a six dimensional space. Since ωY is a period,
which means that ωY ωY = 0, we need to verify a quadratic equation in a space of
dimension six, which means that
{X ∼ OG6 s.t. X
bir
≃ K3[3]/i} ⊆ MOG6
is a five dimensional subspace of the six-dimensional marked moduli space of OG6
manifolds.
Let Y and Y be as above. We know by [20] that i is well defined out of the 256
copies of P3, so we can consider Y which is a singular manifold made by contracting
the P3’s. The second cohomology of Y is
H2(Y ,Z) ∼= U⊕3 ⊕ E8(−1)
⊕2 ⊕ 〈−4〉.
Since i is defined on Y , there is a regular morphism Y
2:1
−−→ Y/i. We can consider
the following diagram:
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Y ′
BlΓY
Y
Y
K˜ ∼ OG6
K ∼= Y/i
mi
h1
h2
i
i
ε 2:1
Here Γ is the singular locus of Y which is composed by 256 points. K is a singular
manifold of dimension 6 and the map
K˜ −→ Y/i = K
is the blow up of the exceptional divisor E, where E2 = −2 . When we consider
the contraction of the 256 copies of P3 we know, by a straightforward computation
about homology classes, that the second cohomology is modified. In particular
the classes of lines in these copies of P3’s are the generators of the Barnes wall
lattice, (see [9, Section 6.5, Proposition 11]), and we know that BW16(−1) ∼= Si(Y ).
Therefore in the contraction Y → Y , this lattice is contracted and hence it holds
that
H2(Y,Z) = H2(Y ,Z)i ∼= Ti(Y ) ∼= H
2(K,Z)(2)
∼= (U⊕3 ⊕ 〈−2〉)(2) ∼= U(2)⊕3 ⊕ 〈−4〉.
The manifold K˜ in the previous diagram is of OG6 type and it is the blow up of
the singular locus of K. The class that we add in the second cohomology of K˜ is
the class of the exceptional divisor E, where E2 = −2 and div(E) = 2.
Take ϕ ∈ Bir(Y ) such that ϕ ◦ i = i ◦ ϕ. For this reason ϕ preserves the locus
on which i is not defined on Y , and consequently ϕ preserves the singular locus of
Y and the singular locus of K, which consists of the exceptional divisor E. This
assures that E ∈ Tϕ(K).
There exists an embedding of finite index Ti(Y )⊕ Si(Y ) ⊆ H2(Y ,Z), where these
are the invariant and co-invariant sublattices with respect to the induced action of
i on the second integral cohomology. Moreover
(Sϕ(Y ) ∩ Ti(Y ))⊕ (Tϕ(Y ) ∩ Ti(Y )) ⊆ Ti(Y ),
(Sϕ(Y ) ∩ Si(Y ))⊕ (Tϕ(Y ) ∩ Si(Y )) ⊆ Si(Y ).
The same holds for Y .
Remark 4.5. Since K˜ is the blow up of the singular locus of K, and we know
that the exceptional divisor is in Tϕ(K˜), we have H
2(K˜,Z) = H2(K,Z) ⊕ E. In
addition Tϕ(Y ) ∩ Ti(Y ) = Tϕ(K)(2) and Tϕ(K˜) = Tϕ(K)⊕ E.
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Remark 4.6. When we consider the map Y
2:1
−−→ Y/i ∼= K, the Beauville-Bogomolov
form is divided by factor 2 i.e. H2(K,Z) = 12 H
2(Y,Z)i ∼= Ti(Y ).
Starting from this, we will answer to this question: which conditions are neces-
sary for an automorphism of an OG6 type manifold to be induced at the quotient?
In the previous notation:
Proposition 4.7. Let K˜ be an OG6 type manifold and let ϕ˜ ∈ O(H2(K˜,Z)) be an
Hodge isometry such that ϕ˜ ∈ Mon2(K˜). Suppose ϕ˜ preserves a Ka¨hler class and
there exists the exceptional divisor (Theorem 4.3), E ∈ Tϕ˜(K˜) ∩ NS(K˜), such that
E2 = −2 and div(E) = 2. Then there exists a contraction K˜ → K, ϕ˜ is effective
(Definition 2.20) and there exists ϕ : K → K such that ϕ˜|K = ϕ.
Proof. From Theorem 2.17, ϕ˜ is effective. Since E ∈ Tϕ˜(K˜) , ϕ˜|E : E → E is an
automorphism. Since E is rigid we can contract it. Hence ϕ˜ extends in a direct
way outside E and we can define ϕ as the restriction of ϕ˜. 
In the notation of the previous commutative diagram we have:
Theorem 4.8. Let K˜ be an O’Grady six type manifold. Let ϕ˜ ∈ Aut(K˜) such that
there exists E ∈ NS(K˜)∩ Tϕ˜(K˜) with E
2 = −2 and div(E) = 2. Then ϕ˜ lifts to an
automorphism ψ : Y → Y .
Before starting to prove this theorem, let us recall the notation that we find
in [20] to refer to these maps. The morphism ε : Y −→ K is a generically finite 2:1
morphism, the ramification locus of ε is ∆ and the branch locus of ε is Σ.
Remark 4.9. Σ coincides with the singular locus of K (E will be the exceptional
divisor of the desingularization).
To prove Theorem 4.8 we need two results.
Lemma 4.10. Let K˜ be an OG6 type manifold. Let ϕ˜ ∈ Aut(K˜) such that there
exists E ∈ NS(K˜) ∩ Tϕ˜(K˜) with E
2 = −2 and div(E) = 2, then ϕ˜ lifts to an
automorphism ψ˜ : Y \ ∆ −→ Y \ ∆.
Proof. Since E ∈ NS(K˜) we have from Theorem 4.3 that K˜
bir
∼ K3[3]/i. Since
E ∈ Tϕ˜(K˜), from Proposition 4.7 we have that ϕ : K −→ K is well defined and
ϕ˜|K = ϕ. From [20, Remark 3.2, Theorem 4.2], we know the behaviour of the double
cover ε : Y −→ K and hence ε−1(K \ Σ) = Y \ ∆. Since the real codimension of
∆ is greater than 2, then the map π1(Y \ ∆)։ π1(Y ) is surjective. We have that
π1(Y \ ∆) = 0 and ε : Y \ ∆ −→ K \ Σ is an e´tale cover. We can consider the
following diagram:
Y \ ∆ Y \ ∆
K \ Σ K \ Σ
ψ˜
ε 2:1 ε 2:1
ϕ
From [11, Proposition 1.33] we know that if ϕ(ε(π1(Y \ ∆))) ⊆ ε(π1(Y \ ∆))
then ϕ lifts to an automorphism ψ˜ : Y \ ∆ −→ Y \ ∆.

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Now we would like to extend this ψ˜ : Y \ ∆ −→ Y \ ∆ to an automorphism of
Y . To do this we need the following result.
Lemma 4.11. In the previous notations, let ε : Y −→ K be a finite map and
ϕ an automorphism of K. Suppose there exists an open subset U of K such that
ϕ|U : U → U lifts to ψ˜ : ε
−1(U) → ε−1(U), then ψ˜ extends to a regular morphism
ψ : ε−1(K) −→ ε−1(K) such that ψ|
ε−1(U)
= ψ˜.
ε−1(U) ⊆ Y ε−1(U) ⊆ Y
U ⊆ K U ⊆ K
ψ˜
ε 2:1 ε 2:1
ϕ
Proof. From hypothesis we know that ϕ : K −→ K is regular.
If we denote Γϕ ⊂ K ×K the graph of the morphism, then it is well known that
p1 : Γϕ
∼=
−→ K is an isomorphism. For the same reason we have the graph
Γ
ψ˜
⊂ ε−1(U)× ε−1(U)
and the isomorphism p1 : Γψ˜
∼=−→ ε−1(U). We have that
Γ
ψ˜
⊂ ε−1(U)× ε−1(U) ⊆ Y × Y
where the last is an inclusion in a compact. We can consider the Zariski closure of
the graph, that we denote with Γ
ψ˜
. The closure Γ
ψ˜
lies in a specific closed subset
of Y × Y , which is the fiber product over K. To be more precise the fiber product
is Y ×ε,ϕ◦εY ⊂ Y ×Y . In the following diagram we denote Y ×ε,ϕ◦ε Y with Y × Y .
Γ
ψ˜
Y × Y Y × Y
Y Γϕ ∼= K K ×K
ξ
≃ ε
ε
In this commutative diagram ε is generically finite, Γ
ψ˜
is a subset of Y ×ε,ϕ◦ε Y
and
Y ×ε,ϕ◦ε Y
∼=−→ Γϕ
is an isomorphism by construction. For this reason ξ : Γ
ψ˜
−→ K is a finite mor-
phism and consequently Γ
ψ˜
−→ Y is a finite morphism. Now by hypothesis we have
that the previous map is injective on an open subset. Since Y is a normal variety
we can conclude that Γ
ψ˜
−→ Y is an isomorphism, which implies that ψ : Y −→ Y
is a regular morphism, where ψ is such that ψ|
ε−1(U)
= ψ˜. 
Proof. (of Theorem 4.8)
Using Lemma 4.10 and Lemma 4.11, where U = K \ Σ, we can conclude.

So far we have shown under which conditions we can lift a morphism on K˜ ∼ OG6
to a regular morphism on Y , which is a singular manifold birational to an IHS
manifold of K3[3] type [20, Lemma 5.2, Proposition 5.3]. Now we need to recall
some results of [20] to know when this ψ : Y −→ Y , defined on a singular variety
birational to an Hilbert scheme parametrizing 0-dimensional subscheme of lenght
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3 on a K3 surface, lifts to a map on Y , that is a smooth manifold of K3[3] type.
The diagram is the following:
Y ′
Γ ⊂ BlΓY
Y
Y
K˜ ∼ OG6
K
bir
∼ Y/i
mi ψ
g
h1
h2
i
i ψ
2:1 εϕ˜
ϕ
Here Γ is the singular locus of Y and it is consists of 256 singular points. We
have that ψ(Γ) = Γ. In general this does not mean that each singular point is
mapped to itself, there could be the possibility that these points are permuted, but
for simplicity we can assume that it is mapped in itself. It is a classical result that
the morphism ψ : Y −→ Y extends in a direct way on the blow up of these singular
points, which means that ψ : BlΓY −→ BlΓY is well defined. We already know
the behaviour of ψ in a neighborhood of this point, and for this reason we know
the behaviour of ψ on the normal bundle at this point. Hence we can define ψ on
the blow up of Y . What we need to find is a sufficient condition to extend this
automorphism on Y , the manifold of K3[3] type. If we find this condition, we will
be able to state when an automorphism of an OG6 type manifold is induced at the
quotient with respect to the Definition 4.4.
As we know from [20], the preimage g−1(Γ) = Γ is the exceptional divisor of
BlΓ(Y ), and consists of 256 copies of the incidence variety; every incidence variety
is indicated by Ii, and Ii ⊂ P(V ) × P(V )∨. Here V is a 4 dimensional vector
space, as we can find in [20, Section 2]. The incidence variety Ii ⊂ P(V ) × P(V )∨
has two natural P2 fibrations given by the projections onto P(V ) and P(V )∨. Let
pi : Ii −→ P(V ) be the two projections. We know that the normal bundle of Ii
in BlΓY has degree -1 on the fibers of pi. Using Nakano’s contraction Theorem,
[24], there exists a complex manifold Y and a morphism of complex manifolds
h : BLΓY −→ Y , whose exceptional locus is Γ and such that the image Ji = h(Ii)
of any component Γ is isomorphic to P3. If we consider the restriction of h to Ii,
this is equal to pi, and h realizes BlΓY as the blow up of Y along the disjoint union
J = h(Γ) of the J ′is. We can recall the following proposition.
Proposition 4.12. [20, Proposition 5.3] In the previous notation, the complex
manifold Y is a projective IHS manifold that is deformation equivalent to the Hilbert
scheme parametrizing 0-dimensional subschemes of length 3 on a K3 surface.
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By construction on Y is defined a regular birational morphism to Y contracting
J to Γ, where Γ is made by 256 singular points. Since we would like to find a
condition to extend the map ψ to a map ψ : Y −→ Y , it is important to recall
the Remark 5.4 in [20] which explains why the involution i can not be extended to
a regular involution on Y . The following corresponds to [20, Remark 5.4], but we
write it for sake of completeness.
Remark 4.13. The involution i : BlΓ(Y ) −→ BlΓ(Y ) sends the exceptional divisor
of the blow up, Γ, to itself. As a consequence, it descends to a rational involution
i : Y −→ Y restricting to a regular involution on the complement Y \ J on the
union of the projective spaces Ji in Y . By definition of i, and from the local
structure (see [20, Section 3]), the involution i exchanges the two P2 fibrations on
Ii and the indeterminacy locus of i is J . We know that BlΓ(Y ) ≃ BlJY , and for
this reason the rational involution i may be described as the composition of two
maps: a Mukai flop along J and an isomorphism outside of this locus.
In this setting it is obvious that ψ is well defined outside J which is composed
of the disjoint union of 256 copies of P3, but we would like to explain under which
conditions it is possible to extend this map on these P3’s. To do this we need
to focus on a fiber of a singular point p of Y , g−1(p) ≃ Ii, which is a divisor of
BlΓY . The preimage g
−1(p) ≃ Ii is the incidence variety, and we know that this
is a fibration with basis P3 and fiber P2, for this reason Ii ≃ P5 and by the local
structure of this singularity described in [20], we obtain the following diagram.
P3 ⊂ Y ′
P3 × P3 ⊃ I1 ≃ I2 ⊂ BlΓY
P3 ⊂ Y
Mukaiflop
p1
p2
For the sake of notation, we call the incidence variety I := I1 ∼= I2. Since
BlΓY ∼= BlJY , we have the following result.
Proposition 4.14. The incidence variety I is isomorphic to P(ΩP3) and Pic(I) ∼=
Pic(P3 × P3) ∼= 〈H1, H2〉 where H1 = p∗1(OP3(1)) and H2 = p
∗
2(OP3(1)).
Proof. Y is an IHS manifold of dimension 6 and P3 is a lagrangian subspace of Y .
The symplectic form ωY gives a duality between TP3 and ΩP3 , but ωY on the tangent
bundle is zero; this duality is the one that sends NP3 to ΩP3 which are isomorphic.
We know that the exceptional locus of this blow up is I ∼= P(NP3) ∼= P(ΩP3). We
define OP3(1) ⊠ OP3(1) := p
∗
1(OP3(1)) ⊗ p
∗
2(OP3(2)). Since on I two P
2 fibrations
are well defined, if we call H1 = p
∗
1(OP3(1)) and H2 = p
∗
2(OP3(2)) we can say that
Pic(P3 × P3) is generated by OP3(1) ⊠ OP3(1). By Lefschetz’s Theorem for the
Picard group, we know that Pic(I) = Pic(P3 × P3) = 〈H1, H2〉, where H1 comes
from the first fibration and H2 comes from the second fibration. 
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In the following theorem we find that a sufficient condition for an automorphism
ψ defined on BlΓY to descend to an automorphism on Y ∼ K
[3]
3 is that it doesn’t
exchange the fibers of the two P2 fibrations. In Remark 4.13 we find that the
involution i defined on BlΓ(Y ) exchanges the fibers of the two fibrations and for
this reason we can’t extends i to an isometry on Y , but we can define just a
birational isometry i on Y .
Theorem 4.15. Let X be an OG6 type manifold and let Y be the 2:1 cover of X
described above. Let ϕ ∈ Aut(X) an automorphism of prime order p, p 6= 2, such
that Sing(Y ) ⊂ Fix(ϕ) and suppose there exists a class E ∈ NS(X) ∩ Tϕ(X) with
E2 = −2 and div(E) = 2. In these hypotheses ϕ is induced at the quotient.
Lemma 4.16. Let f be an automorphism of BlΓY that fixes the exceptional divi-
sor, and f∗ the induced action on Pic(I) = 〈H1, H2〉. Then f∗ is the identity or
f∗(H1) = H2 and f
∗(H2) = H1.
Proof. From the hypothesis we know that H1 and H2 are hyperplane sections of
P3 and (P3)∗. Recall that the pullback commutes with the intersection product,
and for this reason, if we consider the product Hk1 , we can say that this is zero
when k ≥ 4 and the same holds true for H2. We can consider h1 = OP3(1) and
h2 = O(P3)∗(1). Notice that H
2
1 is the class corresponding to the cycle [(P
3× l)∩ I],
where the class is in the Chow group. Moreover, for H2 it holds the same: H
2
2 is
the class corresponding to the cycle [(p× (P3)∗)∩ I]. This is the fiber of the closed
point p and this is isomorphic to P2. The product H21H
3
2 is equal to 1, since this is
an intersection of a line and a P2 in a generic position. With the same argument,
but exchanging the role of H1 and H2 we obtain that H
3
1H
2
2 is equal to 1.
Since the pullback operation commutes with the intersection form, from the
initial remark we have that f∗(H1)
5 = f∗(H51 ) = 0. In general since the action
of f∗ preserves the Picard group of I, we can denote f∗(H1) = αH1 + βH2 and
f∗(H2) = γH1 + δH2. With this notation we have:
(f∗H1)
5 =
5∑
i=0
(
5
i
)
αiβ5−iHi1H
5−i
2 = 10α
2β3H21H
3
2+10α
3β2H31H
2
2 = 10α
2β3+10α2β3.
Furthermore we have
α2β2(α+ β) = 0.
In the same way for H2 we obtain:
γ2δ2(γ + δ) = 0.
After some straightforward computation we obtain the following six cases:{
f∗(H1) = H1
f∗(H2) = H2
{
f∗(H1) = ±(H1 −H2)
f∗(H2) = H2
{
f∗(H1) = H1
f∗(H2) = ±(H1 −H2){
f∗(H1) = H2
f∗(H2) = ±(H1 −H2)
{
f∗(H1) = H2
f∗(H2) = H1
{
f∗(H1) = ±(H1 −H2)
f∗(H2) = H1
We can notice that f∗(H1) = ±(H1 − H2) is not allowed. In fact, let l1 ⊂
p−11 (p) ≃ P
2 and let l2 ⊂ p
−1
2 (q) ≃ P
2 be two lines which lie in the two different
fibrations. Since f∗H1.l1 = f∗(f
∗H1.l1) = H1.f∗l1, we notice that f∗l1 is a line
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which means f∗l1 ∼= P1 since f is an automorphism and for this reason H1.f∗l1
could be 1 or 0. If H1.f∗l1 = 1 and if it holds that f
∗(H1) = H1−H2, then we have
that H1l1−H2l1 = −1 that is an absurd. This holds also in the other similar cases,
choosing the right intersection with l1 or l2 and for this reason we can conclude
that the two possible actions of f∗ on Pic(I) are the identity and the automorphism
which exchanges H1 and H2. 
Proof. (of Theorem 4.15)
IfX ∼ OG6 we know from Theorem 4.3 that, under some hypothesis,X is birational
to Y/i, where Y is birational to an IHS manifold of K3[3] type. From Theorem 4.8
we know that ϕ lifts to ψ on Y . For the previous considerations we can say that
ψ lifts to ψ in a direct way, but we know that to descends to Y we need that the
fibrations are not exchanged. From Lemma 4.16 we know the action of ψ on Pic(I),
hence we deduce that if the order of the automorphism is primep, with p > 2, the
action is the identity on Pic(I). Consequently the fibrations are not exchanged and
we can define ψ : Y −→ Y , which means that ϕ is induced at the quotient. 
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